The purpose of this paper is to present main ideas of mathematics of finance using the stochastic control methods. There is an interplay between stochastic control and mathematics of finance. On the one hand stochastic control is a powerful tool to study financial problems. On the other hand financial applications have stimulated development in several research subareas of stochastic control in the last two decades. We start with pricing of financial derivatives and modeling of asset prices, studying the conditions for the absence of arbitrage. Then we consider pricing of defaultable contingent claims. Investments in bonds lead us to the term structure modeling problems. Special attention is devoted to historical static portfolio analysis called Markowitz theory. We also briefly sketch dynamic portfolio problems using viscosity solutions to Hamilton-Jacobi-Bellman equation, martingale-convex analysis method or stochastic maximum principle together with backward stochastic differential equation. Finally, long time portfolio analysis for both risk neutral and risk sensitive functionals is introduced.
Pricing of Financial Derivatives
One of the fundamental problems of mathematics of finance is pricing of the derivative securities (shortly derivatives) i.e. securities the value of which depends on the basic securities such as stocks or bonds. In this section we restrict ourselves to stocks, although similar problems (unfortunately much harder) concern also derivatives of bonds.
Modeling of Asset Prices
We start with modeling of asset prices (stocks). We assume that we are given d assets on the market and denote the price of the i-th asset at time t by S i (t). We shall consider in parallel way two approaches: in discrete and in continuous time. We assume a given probability space (Ω , F , (F t ), P). In the case of discrete time the asset prices satisfy the relation
for i = 1, 2, . . . , d, where (z(t)) stands for the process of economic factors which have an impact on the prices, and (ξ (t)) is a noise process being a sequence of i.i.d. random variables such that ξ (t) is independent of z(s) for s ≤ t.
In the case of continuous time model we assume that S i (t) is given by the following formula S i (t) = S i (0)e t 0 a i (s,z(s))ds+ t 0 σ i (s,z(s))·dL(s) ,
where the last term is the stochastic integral with respect to the process with stationary independent increments which is a Levy process or more specifically a Wiener process L. For the definition of stochastic integral we refer to [37] .
Contingent Claims
A typical situation we encounter on financial markets is that at a given time T , called maturity we get a contingent claim the value of which is an F T measurable random variable H. The problem is to determine its price at time 0. European options can serve as an example of contingent claims. Assume that we want to have a guarantee that at time T we shall buy one i-asset for the value of at most K (the so called striking price). For this purpose we buy a European call option. If the price S i (T ) is greater than K we exercise this option buying one i-th asset for the price K. Otherwise, i.e. when S i (T ) < K there is no reason to exercise this option -we simply buy the asset for the price S i (T ). Consequently the value of this European call option is (S i (T ) − K) + . Similarly, when we have an asset i we can guarantee to sell it at time T for the price K buying a European put option. In this case the value of the option is (K − S i (T )) + . In both cases an important factor is the price for the option we have to pay at time 0. The terminal maturity time T is fixed and deterministic. One can consider contracts with random T . In the so called American options the buyer of an option is allowed to choose random maturity time τ, i.e. he chooses the time to exercise the option. Clearly such call or put options are more expensive since they offer a better bargain to the buyer.
Portfolio and Absence of Arbitrage
From stochastic control point of view the main decision we make on financial markets is the choice of a proper investment portfolio. We denote by V (0) = v the initial value of the wealth process. We assume that we can invest v in the d-assets available on our market as well as in the savings account in a bank with a short term interest rate r(t) at time t, which means that for one dollar invested at time 0 in the account we obtain B t = exp t 0 r u du = S 0 (t) at time t. An investment strategy at each time t is a sequence (N 0 (t), N 1 (t), . . . , N d (t)) where N 0 (t) is the capital invested in our savings account, and N i (t) is the capital invested in the i-th asset at time t. The strategy can be also described as the sequence π = (π 0 (t), π 1 (t), . . . , π d (t)) where π i (t) is the portion of the wealth process V (t) invested at time t in the i-th asset (for i = 0 in the savings account). Clearly N i (t) = π i (t)V (t) for i = 0, 1, . . . , d and for discrete time model we have
with ζ 0 (t, z, ξ ) = exp t+1 t r u du . The wealth process depends on the investment strategy π and initial wealth v. To point out this we shall denote the wealth process at time t by V π,v (t). We shall assume furthermore that the portfolio is selffinancing which means that no money is added or withdrawn i.e. we invest at each time t the value equal to our wealth V π,v (t). The fundamental assumption of mathematical finance is the so called absence of arbitrage (AA) in time T , which is the absence of the existence of portfolio π such that V π,0 (T ) ≥ 0 and P V π,0 (T ) > 0 > 0. Roughly speaking, it means that we are not able to create gain at time T without risk. The economical notion of the absence of arbitrage has an important analytical interpretation, which is very transparent in discrete time case.
We call a probability measure Q, which is equivalent to the original probability measure P, a martingale measure, whenever ( S i (t) B t ) are martingales with respect to Q for i = 1, 2, . . . , d and t = 0, 1, . . . , T . The martingale property means integrability of the ratios S i (t) B t plus the property
for t = 0, 1, . . . , T − 1. The following theorem (see [10] or [20, 22] for more recent approaches) is fundamental in discrete time mathematics of finance. In what follows we shall denote by Q the family of all martingale measures. By Theorem 1 under (AA) we have Q = / 0.
Pricing
We shall now consider the problem of pricing of contingent claim of value H at a given maturity time T . The buyer of it collects a gain which is a random variable H.
We would like to evaluate the price of H at the initial time. One can look at this price from the perspective of the seller or the buyer. An acceptable price for the seller is such a price that for the amount he obtains at time 0 he is able (providing he invests it in an optimal way) to get at least the compensation for H (i.e. to hedge H), which he is supposed to deliver to the buyer. This investment forms an optimal stochastic control problem. We would like to find the smallest initial capital v, which invested in an optimal way gives us at least the value H at time T . Denote by p s (H) the minimal seller price. Consequently we can write the formula
The buyer price on the other hand is the value v such that if he starts with initial capital −v and invests it in an optimal way, then at time T the value of his portfolio plus his gain H is nonnegative. Such maximal v forms the so called buyer price p b (H) and is the maximal price acceptable for the buyer. We have
Alternatively we can write that p b (H) = −p s (−H). Under the absence of arbitrage assumption we clearly have that p b (H) ≤ p s (H). The interval [p b (H), p s (H)] is called an absence of arbitrage interval and any price from this interval is acceptable in the sense that neither seller nor buyer is able to obtain a positive gain without risk at time T (which is an arbitrage). In particular situations, when p b (H) = p s (H) for all bounded H, we say that the market is complete which in turn corresponds to the fair price or fair game between the seller and the buyer. By Theorem 1 it is clear that in the case of complete market the family Q is a singleton.
Assuming integrability of the contingent claim with respect to the set of all martingale measures Q, i.e. sup Q∈Q E Q |H| < ∞ we have the following analytic representations for the seller and buyer prices called the fundamental asset pricing theorem.
and
The proof of this theorem (see [38] ) is based on an important result from the theory of stochastic processes called optional decomposition.
is a Q supermartingale for each Q ∈ Q, there is π and an adapted increasing process
The absence of arbitrage interval [p b (H), p s (H)] may be very large. Therefore one would like to find in this interval a proper price of the contingent claim. For this purpose we have to use other criteria: we choose martingale measures with minimal variance (see [38] ) or minimal entropy (see [18] ). Another approach is, instead of hedging with probability 1, to consider the so called quantile hedging under which we require inequalities in (5) and (6) to be satisfied with certain probability, e.g. 1 − ε (see [17] ). Alternatively we can also use utility theory (see [18] ) to price contingent claims. The theory described above was based on an assumption that there is no friction on our market, i.e. we do not pay transaction costs. The theory with proportional transaction costs (we pay costs proportional to the volume of transaction) is more complicated and still a subject of intensive studies (see e.g. [21, 6, 5] and references therein). In the case of large transactions one can expect to pay even smaller proportional transaction costs. These considerations lead to concave transaction costs. The problems are very complicated and at this moment some results are only available for simple Cox-Ross-Rubinstein model introduced below in Sect. 1.6 (see [39] and [26] ).
In what follows we tacitly assume that there are no restrictions on trade and we have a competitive market: trader can sell unlimited quantities of securities without changing the security's price. Clearly this is a serious simplification. There are two approaches to handle the liquidity risk caused by large transactions: either we assume that the transaction can change the asset price (see [7] ) or the price remains unchanged but we consider convex transaction costs (see [8] ).
The theory we introduced so far concerned financial derivatives which are exercised exactly at time T . The American type options can be exercised at any time τ from the interval [0, T ], which is chosen by the buyer of the option. Consequently a contingent claim is an (F t ) adapted process H = (H t ). In particular H t = ((S 1 (t) − K) + ) or H t = ((K − S 1 (t)) + ) in the case of American call or put options. To avoid integrability problems assume that the process H t is bounded. One case easily adjust the formulae (5) and (6) for the seller p s (H) and for the buyer p b (H) prices (the inequalities should be satisfied for each t from [0, T ], instead of T only). By an analogy to Theorem 2 we have (see [18] )
where sup τ denotes an optimal stopping problem: we maximize E Q H τ B τ over all stopping times τ.
Continuous Time Markets
In this section we consider the case, when asset prices (S(t)) have dynamics of the form (2) and consequently we are allowed to change our portfolio at any moment. In such a case we have our portfolio at time t under the investment strategy π by anology to (3) in the form
The notion of the absence of arbitrage (AA) remains the same. There is however a difference in the analytic form of the absence of arbitrage. First of all the notion of a martingale is replaced by a local martingale property. We say that
is a local martingale. Furthermore we introduce the so called no free lunch with vanishing risk property (NFLVR). It is satisfied when there is no sequence of strategies (π k (t)) such that
• V π k ,0 (T ) ≥ − 1 k . We have (for the proof see [11] )
Consequently we do not have full absence of arbitrage characterization as in discrete time.
Complete Markets
A particular situation arises, when Q orQ is a singleton. For discrete time model this is in the case when we have the so called Cox-Ross-Rubinstein model (CRR) (see [9] ) consisting of the bank account S 0 (t) and an asset S(t) with the dynamics
where r is deterministic and (ρ n ) is a sequence of i.i.d. random variables taking values u and d only, where d < r < u.
Notice that in this case given H which is F T = σ {ρ i , i = 0, . . . , T − 1} measurable, there is an investment strategy π = (π(t)) and v ∈ R such that V π,v (T ) = H, and consequently we have a replication of the contingent claim H. For other markets, say multinomial markets we have only hedging property i.e. there are (π(t))
In the case of a continuous time market,Q is a singleton when we have the so called Black and Scholes model (see [4] ). We assume that the short term interest rate r t = r is deterministic and besides of the bank account there is one asset with the dynamics of its price S(t) of the form
where a and σ are deterministic. In this case we can obtain a famous analytic formula (called Black-Scholes formula) for the price of the European call option with the gain H = (S(T ) − K) + at time T . We have (see [4] )
with d 1 (s,t) =
Notice that the formula does not depend on a, since the drift part at is hidden in the local martingale measure.
Stochastic Control Methods (Summary)
We complete Sect. 1 with a summary of the stochastic control methods, used so far explicitly and implicitly. Generally speaking our main control problem was to find (minimal) v such that V π,v (T ) ≥ H i.e. find a minimal initial capital under which we can hedge the contingent claim H. Absence of arbitrage problem can be also formulated in these terms. In discrete time case such control problem can be solved using backward dynamic programming (see e.g. [36] ). In continuous time case situation is more complicated. This is a stochastic version of optimal tracking problem which can be solved using controlled Backward Stochastic Differential Equations (BSDEs) (see [13] ). The problem with BSDEs stimulated purely analytical approach based on martingale method. Although we have a nice formula for the pricing problem, the evaluation of the seller or buyer price is a rather difficult computational problem. Another problem appears in pricing of American options. We have to solve an optimal stopping problem which in the case of large markets (when the number of assets d is large) is not feasible.
Credit Risk
This section is devoted to special contingent claims which may default. In the previous section the contingent claim H was delivered at time T , in the case of European options and its value was not a subject to any change. For a given time horizon T a general defaultable contingent claim may be considered as a quintuple (X, A,X, Z, τ) consisting of the promised contingent claim X, promised dividends (A t ) payed up to default time, recovery claimX i.e. the value of contingent claim we obtain if we have default before T and the recovery process Z, which is a certain recovery payoff at the time of default, payed when default occurs before or at the maturity T . We denote by τ default time, and by H t = 1 τ≤t the so called default process. The dividend process of the defaultable contingent claim is of the form
with X d (T ) = X1 τ>T +X1 τ≤T . The problem is to price such dividend process. There are two approaches which vary depending on the form of the default time. If τ is a stopping time with respect to the available observation of the market i.e. first entry time of the company wealth process to the so called bankruptcy region, we have a structural approach. In this approach default time is predictable with respect to the available observation. Consequently pricing of defaultable contingent claims leads to stochastic control problems which can be solved for particular form of τ. An alternative approach called intensity based approach assumes that we are not able to predict τ. Our observation at time t is G t = H t ∨ F t . We are not able to solve such problem using stochastic control methods. We consider therefore a martingale approach. It is not true in general that a (G t ) martingale measure is also an (F t ) martingale measure. To obtain an analytic formula we assume the so called invariance property which says that for a (G t ) martingale measure Q * : an (F t ) martingale is also a (G t ) martingale. Let Q * be a given (G t ) martingale measure. Under suitable integrability properties (see [2] for details) we have Theorem 5. The value of DCC (X, A, 0, Z, τ) at time t is equal to
with G t = P {τ > t|F t }.
Term Structure Modeling
In the theory developed in Sect. 1 we had an opportunity to invest in assets and savings account. We consider now investments in bonds also. By a zero coupon bond with maturity T we mean a financial instrument paying to its holder one unit of cash at time T . Let B(t, T ) be the price of such bond at time t ≤ T . We shall use the following representation of B(t, T )
where f (t, T ) is called an instantaneous forward rate. By the very definition clearly B(T, T ) = 1. Assume that P * is an equivalent measure to P such that B(t,T ) B t is a P * martingale. From the martingale property we obtain
There are various ways to model short term interest rate r t . In the so called single factor models it is modeled as a solution of a certain one-dimensional stochastic differential equation with one-dimensional Brownian motion as a single source of uncertainty. As an example of such models, Vasicek's model can serve in which
or Cox-Ingersoll-Ross model (CIR) with
We refer to [30] for more details. An alternative approach to term structure modeling is based on the so called Heath-Jarrow-Morton (HJM) methodology. We assume that the instantaneous forward rate is of the form
Consequently we can consider two kinds of martingale measures:
• martingale measure forwardP, which is equivalent to P and underP, B(t,T ) B(t,T * ) is a martingale for T ≤ T * ;
• martingale measure spot P * , which is an equivalent to P measure such that B(t,T ) B t is a P * martingale.
The absence or arbitrage corresponds to the existence of martingale forward or spot measures (for details see [30] ). In the case of bonds, similarly to the case of defaultable contingent claims, there is a problem to study pricing of financial derivatives, i.e. options based on bonds with the use of stochastic control. Therefore methods preferable in these cases are based on the martingale techniques.
Portfolio Analysis
Portfolio analysis is an important area of mathematics of finance. On the other hand this is a part of stochastic control theory. We shall consider two approaches: a static one in which we optimize our portfolio with respect to a certain functional on a one step horizon and a dynamic in which we have to find optimal portfolio for a longer time horizon.
Static Portfolios
Static portfolio is closely related to the so called Markowitz theory. Harry Markowitz (a Nobel prize winner in 1990) was the first economist who admitted the importance to study risk in portfolio analysis (see [28] ) considered as a variance of the portfolio growth. Consider a discrete time asset model with prices such that its random rate of return
Given portfolio π = (π 1 , π 2 , . . . , π d ) representing portions of the wealth process invested in assets and wealth process V (0) at time 0, under prices S(1), the wealth process V (1) is such that the portfolio rate of return R π is of the form
with · standing for scalar product. We are interested in maximization of the expected portfolio rate of return. On the other hand following Markowitz we would like to minimize the risk considered as the variance of the portfolio rate of return. One can notice that Var(R(π)) = π * Σ π,
where * stands for the transpose of the vector π and Σ is the covariance matrix of the random vector ζ .
Consider now the so called Markowitz order : we say that portfolio rate of return R π is better than R π or in other words, the strategy π is better than π , we write R π R π , whenever E(R π ) ≥ E(R π ) and Var(R π ) ≤ Var(R π ).
The maximal elements in this order form a so called efficient frontier on the plane (ER π ,Var(R π )). To determine efficient frontier we maximize Var(R π ) for fixed value of E(R π ). This is a quadratic optimization problem with linear constraints. If we admit the so called short selling i.e. allow elements of π to be negative, such problem can be solved using standard Lagrange multiplier method (see [29] or [42] ). There is a number of problems in implementation of the Markowitz theory. We need an estimate of the
Although the covariance matrix can be well estimated based on historical data there is a problem with the estimation of the expected returns. To overcome this we use a Black-Litterman (1990) approach based on Bayesian estimation and forecasted returns (see [3] ). Variance of the portfolio as a measure of risk does not seem to be satisfactory. It penalizes in the same way positive events, when portfolio rate of return is above the expected value and negative events, when it is below the expected value. The following measure called value at risk VaR α (R(π)) was introduced to banking practice
This is the smallest value which added to the portfolio rate of return allows nonpositive rate of return with probability below fixed level α. Although value at risk is very popular, still it has a number of deficiencies. First of all it measures only probability not the size of inconvenient for us situation. Therefore as a better measure of risk CVaR α , i.e. conditional VaR is considered called also expected shortfall CVaR α (R(π)) = E {−R(π)|R(π) +VaR α (R(π)) ≤ 0} ,
which is the expected value of −R(π), given that R(π)+VaR α (R(π)) is nonpositive.
To evaluate VaR or CVaR we need to know a bit more about the distribution of the random rate of return ζ . Typical assumption that it is multinomial normal is not sufficient, since in practice the densities of such random variables have fat tails.
To be more precise one can quote the result of Fergusson and Platen [14] saying that daily log-returns of the world stock market portfolio in 34 different currency denominations form t-Student distribution with 3.94 degrees of freedom. The proper class to study seems to be elliptical distributions introduced in [24] . We say that a d-dimensional random vector X is elliptic, whenever its density is of the form
with suitable constant c d , positive definite matrix D, its determinant |D|, vector µ, and a function g d . This class includes: normal, t-Student, Laplace, and logistic distributions and is stable under linear transformations. Using a certain standardization procedure we can calculate VaR and CVaR for elliptically distributed vector ζ (see [27] ). Although computation of the efficient frontier with VaR or CVaR as risk functions is more complicated, for elliptically distributed ζ this is a numerically feasible problem.
Dynamic Portfolios
The aspect of risk is also important in the dynamic case. We shall now consider another important optimization problem in mathematics of finance. We are interested to maximize a satisfaction measure as an expected value of a certain utility function of the wealth process. By utility function we mean a concave, increasing function U.
A class of HARA (hyperbolic absolute risk aversion) utility functions consisting of U(x) = x α with α ∈ [0, 1) and U(x) = ln x can serve as an example. We maximize terminal utility
or a functional with consumption (c(t))
where U 1 , U 2 are utility functions, or we look for growth optimal portfolios (GOP) (see [35] ):
Maximization of the cost functionals (25)- (27) is a stochastic control problem, which in discrete time case can be solved using dynamic programming methods. The continuous time case strongly depends on the form of model for asset prices. The following three approaches can be considered • solving Hamilton-Jacobi-Bellman equation, • using convex analysis (duality approach), • using stochastic maximum principle and BSDEs.
In the next subsections we sketch the main features of these approaches.
Hamilton-Jacobi-Bellman Equation
Let
be the value function of the terminal utility maximization. The wealth process dynamics under (2) is of the form
The corresponding Hamilton-Jacobi-Bellman equation is of the form
with boundary condition w(T, v, z) = U(v), and L π,v being the generator of the pair (V π,v , z(t)). Main problem we have is that the value function (28) is not in the domain of the generator L . Typical verification theorem says that, if we are given a solution to Hamilton-Jacobi-Bellman equation (30) , then it coincides with the value function (28) . One can extend the notion of solution to (30) introducing the so called viscosity solutions and show that the value function w is a solution to (30) in this sense (for details see [15] ).
Martingale -Convex Analysis Approach
Consider now a terminal utility maximization problem (25) , assuming for simplicity r t = 0 for t ≥ 0 (i.e. B t = 1) and that there are no economic factors (z(t)) in the asset dynamics. We assume furthermore that the market is complete and the wealth process {V π,v (t)} is a martingale under dQ = Λ T dP, which is a given martingale measure. Clearly
Let H (v) be the family of nonnegative random variables H such that E {Λ T H} = v. Consider the following static optimization problem:
We want to find the solution H * to the static problem and the strategy π * such that V π * ,v (T ) = H * . Assume additionally that the utility function U satisfies the so called 
Using (33) we therefore have
If we choose y * such that E [Λ T I(y * Λ T )] = v, we obtain that
Let H * = I(y * Λ T ). One can show that H * ∈ H (v). Consequently we have that w(t, v) = E {U(H * )} and H * is a solution to the static problem (32) . The optimal strategy π * is determined from the martingale representation theorem as a strategy such that V π * ,v (T ) = H * . For details see [23] .
Stochastic Maximum Principle
We now consider another approach to terminal utility maximization (25) . Let S i (t) be a solution to the following stochastic differential equation
whereN is the Poisson random measure N for large jumps (taking values outside of the unit ball) and coincides with the compensated Poisson measure dÑ j = dN j − dλ j dt for small jumps (with values from the unit ball). Under the strategy π the wealth process V π,v is a solution to the equation
We define the Hamiltonian of the form M(t, v, π, p, q, y) = v(π 0 · r t + (1 − π 0 )π ·ã(t)) · p + (1 − π 0 )vtr((πIσ (t)) T q)
where I is the identity matrix and Diagχ is the diagonal matrix with χ j entries such that χ j = 0 for large jumps and χ j = 1 for small jumps. Consider now the so called adjoint equation for (v, π), which is backward stochastic differential equation (BSDE) of the form
with terminal condition p(T ) = D v U(V (T )) and D v standing for the derivative with respect to v. By such solution we mean the triple (p, q, y) for which (38) holds. We have (see [19] and [32] ) Theorem 6. (Stochastic maximum principle): If (π,V ) is an admissible pair consisting of the strategyπ and corresponding solution to (36) (we assume that there is a solutionV for suchπ) and for the triple (p,q,ŷ) being the solution to BSDE (38) we have M(t,V (t),π(t),p(t),q(t),ŷ(t)) = sup π M(t,V (t), π,p(t),q(t),ŷ(t)),
for all t ∈ [0, T ] andM(v) := sup π M(t, v, π,p(t),q(t),ŷ(t)) is concave in v, then under some regularity properties (π,V ) is an optimal pair, i.e.π is an optimal control whileV is the optimal wealth process.
Long Time Portfolio Functionals
In an independent section we consider a family of long time growth optimal portfolios (GOP). An infinite horizon analog of (27) is risk neutral GOP with the cost functional (introduced by Kelly in [25] )
An alternative is to study risk sensitive GOP (see [1, 31, 40] ) with the cost functional lim sup
where γ < 0 is the so called risk factor. Such cost function is motivated by the Taylor expansion of the function F(γ) = ln E[e γY ]. Namely, we have F (0) = EY , F (0) = Var(Y ) and 1 γ F(γ) ≈ EY + 1 2 γVar(Y ).
Consequently, maximizing risk sensitive cost functional (41) we maximize the long run expected growth rate diminished by its variance (which is a measure of risk) with weight −γ. Risk sensitive GOP is a difficult problem, since we have to study a multiplicative cost functional. The risk factor γ is negative, however the theory with positive γ can be considered as a dual problem to certain long time maximization of the portfolio growth over a given benchmark (see [34] and [41] ). Another important feature of the cost functional (41) is that it asymptotically, as γ → 0 approximates risk neutral functional (40) . The same property can be proved for the optimal values of these functionals (see [12] ). More generally, it can be shown (under certain assumptions) that risk neutral nearly optimal strategy is also nearly optimal for risk sensitive cost functional with risk factor γ close to 0. The study of the cost functionals (40) and (41) becomes even harder when we consider proportional, or fixed plus proportional transaction costs. From stochastic control point of view to study risk neutral GOP we have to solve additive Bellman equation, while in the case of risk sensitive GOP we have to solve multiplicative Bellman equations. If we additionally assume fixed costs our strategies are of impulse form (see [33] ).
